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Abstract
Production cost can be influenced by previous sales in an uncertain way. In reality,
production cost may decrease in the number of initial buyers due to the learning
effect, or increase in the number of initial buyers due to the quality-improving
pressure from negative comments of unhappy users. Taking this uncertainty into
account, this paper studies the optimal intertemporal pricing strategies of a firm
when selling to strategic customers in two periods where production cost in the
second period randomly changes with the number of buyers in the first period. Our
results suggest how firms should adjust their optimal pricing strategies under
different market circumstances.
Keywords: Strategic customers, Cost, Uncertainty, Pricing, Dynamic pricing, Price
commitment, Optimal pricing, Intertemporal pricing

Introduction
In practice, production cost can be influenced by previous sales. On one hand, production cost can be reduced when the yield is increasing. For example, such cost reduction
may come from learning by doing. As the production quantity increases, workers become more familiar with their jobs and they accumulate experience/knowledge to improve the process and reduce the cost. Such cost reduction increases with the quantity
produced previously. On the other hand, production cost may increase with the quantity produced previously. One example is from the e-commerce, where online reviews
are more important for a firm. The increase of negative reviews (possibly from the increase of initial users) will pressure the firm to increase production cost in order to recover its reputation. In general, more initial sales can either increase or decrease
production cost in the future and this impact is uncertain.
Multi-period sales are common practices used by many firms. But the uncertain influence of the initial sale on the later-period production cost has placed a great challenge in optimizing pricing strategies facing strategic customers. In previous literature,
the seminal work by Besanko and Winston (1990) find that compared to myopic customers, strategic customers have a higher price elasticity because they may choose to
delay purchase. Then Cachon and Swinney (2009), Liu and van Ryzin (2008, 2011),
and Su (2007, 2010) investigate the intertemporal pricing framework with strategic
customers. Yu et al. (2016) model the strategic behavior of customers who wait for
more information about the quality of product. In our paper, we use a similar
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intertemporal framework as these papers. However, these studies mainly focus on the
impact of strategic behavior or social learning while we consider the impact of cost uncertainty. There are a few papers modeling the uncertain production cost. Sibdari and
Pyke (2014) consider random costs under a duopoly model within infinite periods.
They mainly focus on using the randomness in the rival’s cost to achieve a higher
profit. Shum et al. (2016) study an intertemporal pricing problem of a monopolist considering the uncertain cost reduction. However, different from these papers, we model
cost uncertainty as the uncertain influence of initial sales instead of a random term independent of initial sales. Our paper mainly studies the impact of such cost uncertainty
on the firm’s pricing decisions. We summarize our research questions as follows:
1. With the cost uncertainty, what are the optimal prices under two main pricing
strategies —Dynamic Pricing and Price Commitment respectively?
2. What are the impacts of different parameters on the optimal prices and pricing
strategy decision?
The remainder of this paper is organized as follows. In section 2, we present a brief
description of our model. In section 3, we show the optimal prices and profits under
different pricing strategies. Section 4 compares two pricing strategies. In section 5, we
conclude the paper with some discussions.

Model
We consider a single monopolistic firm selling products to a large market over two periods. The size of the market is deterministic and is normalized as 1. Each customer
can purchase at most one product. The prices in two periods are denoted by p1 and p2
respectively. The firm who is risk neutral decides the prices in both periods to
maximize expected profit. The sales volume in the two stages are λ1 and λ2 respectively,
so λ1 + λ2 ∈ [0, 1].
We assume customers are heterogeneous in their intrinsic valuations of the product,
v, which is uniformly distributed in [0, 1]. This implies that customers may estimate the
product’s value differently according to their own experiences, preferences and information in hand. Then the customer’s utilities U if purchasing the product at period
i (i = 1, 2) are as follows:
U 1 ¼ v−p1 :

ð1Þ

U 2 ¼ θðv−p2 Þ:

ð2Þ

Since the customers are strategic, we use the parameter θ (0 < θ < 1) to describe the
patience of customers or the opportunity cost of delaying purchase, similar to the
models in Cachon and Swinney (2009), and Papanastasiou and Savva (2017). Since customers discount their utilities for later purchases, it can be expected that customers
with high valuations purchase early in the equilibrium.1 We assume a customer with
the certain thresholds v will find it indifferent to purchasing in either period. Then customers with valuations higher than or equal to v will purchase the product in the first
1∂ðU 1 −U 2 Þ

∂v

¼ 1−θ ≥0, so customers with higher valuation will buy the product in the first period.
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period and customers with valuations lower than v will wait till the second period. Thus
the first-period demand λ1 ¼ 1−v . Similarly, we assume a customer with the certain
threshold v (0 < v < v ) will find it indifferent to purchasing in the second period or
not purchasing. So customers with valuations from v to v will purchase the product in
the second period, which means λ2 ¼ v−v. The unit production cost in the first period
is c (c < 1). Then the unit production cost in the second period is
c2 ¼ c−ðα þ βλ1 Þ;

ð3Þ

where α is a positive cost reduction due to technology advancement and β measures
the uncertain impact from the initial sale λ1. Without loss of generality, we assume β
has a mean of zero and a variance of σ2 which is smaller than one. Thus the firm’s
problem is to maximize the total expected profit by determining the prices:
maximize π ¼ π 1 þ Eπ 2 ¼ λ1 ðp1 −cÞ þ E ½λ2 ðp2 −c2 Þ:
p1 ;p2 ≥ 0

ð4Þ

Model analysis
In this section, we analyze the firm’s problem under two different pricing strategies: dynamic pricing and price commitment. We analyze the firm’s optimal decisions and
compare the profits achieved under each pricing strategy in the next subsections.
Dynamic pricing

In the dynamic pricing setting, the firm announces the price of the second period at
the end of the first period when the value of uncertain parameter β is known. Under
this strategy, we solve the problem backward by maximizing the profit in the second
period first,
"
!#
π 2 ¼ p2 − c−ðα þ βλ1 Þ

ðv−vÞ:

ð5Þ

Since v is the threshold valuation of not buying in the second period, it can be solved
by setting U 2 ¼ θð v−p2 Þ ¼ 0. In addition λ1 ¼ 1−v, so we obtain:
π 2 ¼ ½p2 −c þ α þ βð1−vÞðv−p2 Þ:

ð6Þ

It is obvious that the above profit function is concave in p2. So we derive the optimal
p2 as a function of v and β,
p2 ðv; βÞ ¼

v þ c−α−βð1−vÞ
:
2

ð7Þ

Under the framework of rational expectation, the firm decides the price on the belief
of customers’ strategic behavior while the customers make their decisions by forecasting the firm’s pricing decisions and other customers’ choice. So given this p2 , the customer with the threshold v will find it indifferent to purchase in each period. In other
words, v−p1 ¼ θðv−E½p2 ðv; βÞÞ. Thus,
v ¼

2p1 −θðc−αÞ
:
2−θ

In this case, the firm’s total expected profit is given by:

ð8Þ
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π ¼ ðp1 −cÞð1−vÞ þ E½π 2 ðp1 ; βÞ;

ð9Þ

ð
v þ α−cÞ þ2ðv þ α−cÞð1−vÞβ þ ð1−vÞ2 β2
is derived by plugging (7)
where π 2 ðp1 ; βÞ ¼
4
into (6). The following proposition characterizes the optimal prices in each period.
Note that under dynamic pricing strategy with uncertain consumption externality, if
the firm sells in both periods, the optimal price in the second period is an expectation
instead of a certain value due to the realization of the cost uncertainty.
2

Proposition 1. Under the dynamic pricing strategy, when α ≤ ð1−θÞð1−cÞ
1þθ , the firm sells in
D
D
both periods; when α > ð1−θÞð1−cÞ
1þθ , the firm only sells in the second period. Let p1 and p2

denote the optimal prices.
(1) When the firm sells in both periods,
ð2−θÞð2−θ−σ 2 Þ þ α½2−θð2−θ−σ 2 Þ þ ½2−θðθ þ σ 2 Þc  D 
; E p2
2ð3−2θ−σ 2 Þ
2−θ−σ 2 þ αð3θ þ σ 2 −2Þ þ ð4−3θ−σ 2 Þc
¼
:
2ð3−2θ−σ 2 Þ

pD
1 ¼

1þc−α
(2) When the firm only sells in the second period, pD
2 ¼
2 .

Proposition 1 implies that when the speed of technology advancement is high (e.g. α
), strategic customers expect a low production cost and thus a low price in
> ð1−θÞð1−cÞ
1þθ
the second period. In this case, the firm maximizes the profit by selling the product
only in the second period. Otherwise, the firm sells in both periods.
Corollary 1. Under the dynamic pricing strategy, when the firm sells in both periods,
∂pD

∂E½pD 

(1) ∂α1 > 0, ∂α 2 > 0 if and only if σ2 > 2 − 3θ;
∂pD
∂E½pD 
(2) ∂ 21 < 0, ∂ 22 < 0;
σ
σ
∂E½pD
2
(3) pD
1 can be increasing or decreasing in θ, ∂θ > 0.
First, as technology advances (α increases), the firm produces the product at a lower unit
cost and thus obtains a higher profit in the second period. So the firm increases the price in
the first period to shift sales from the first period to the second period to earn more profits
∂pD

( ∂α1 > 0). Regarding the second-period price, there are two effects. On one hand, as α increases, since the first-period price increases, strategic buyers with relatively high valuations
change their purchasing time from the first period to the second period. Then the firm is
allowed to increase the second-period price to reap more profits from these customers,
which is called as the superior effect. On the other hand, some potential customers with
low valuations who decided not to purchase originally may decide to buy in the second
period. Then the firm may decrease the second-period price to attract such customers,
which is called as the inferior effect. When the cost reduction is uncertain or customers are
patient (σ2 > 2 − 3θ), the superior effect dominates, the firm mainly targets at customers
changing their purchasing time and thus

∂E½pD
2
∂α

> 0.When cost reduction is certain and cus-

tomers are impatient (σ ≤ 2 − 3θ), the inferior effect dominates, the firm mainly targets at
2

customers who just enter the market in the second period, and thus

∂E½pD
2
∂α

≤ 0.
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Second, as uncertainty increases (σ2 increases), the uncertain component βλ1 plays a
more important role in the second-period production cost. Then the firm decreases the
first-period price (i.e.,

∂pD
1
∂σ 2

< 0). The reason is explained as follows: On one hand, if the

uncertain cost is realized to be cost reduction (i.e. positive β), the firm should increase
initial sales by decreasing the first-period price in order to generate a greater cost reduction in the second period. On the other hand, if the uncertain cost is realized to be
cost increase (i.e. negative β), the firm can always use the second-period price as a lever
to alleviate this effect. Thus the gain of increasing the first-period price in the former
case is larger than the loss in the latter case. Resulting from a lower first-period price
and a smaller remaining market (v is smaller), the firm should decrease the secondperiod price in expectation. This is different from the findings in Shum et al. (2016).
They find that price level is independent on cost uncertainty because they assume the
uncertainty does not depend on initial sales.
Third, when customers are more strategic, or equivalently, more likely to wait (θ increases), the firm will decrease the first-period price to alleviate customers’ waiting behaviors in most cases (i.e.,

∂pD
1
∂θ

< 0). However, when α is so large that the second period

is very attractive to the customers, the firm will increase the first-period price to encourage customers with high valuation to buy in the second period (i.e.,

∂pD
1
∂θ

≥ 0). It is in-

tuitive when the customers are more strategic, the firm is able to increase the price in
the second period (i.e.,

∂E½pD
2
∂θ

> 0).

The next proposition characterizes the firm’s optimal expected profit under dynamic
pricing.
Proposition 2. Let πD be the optimal expected profit of the firm under dynamic
pricing.
(1) When the firm sells in both periods,
πD ¼


 

 
ð2−θÞ2 −σ 2 þ 2α½2−ð2−θÞθ−σ 2  þ α2 4 þ θ2 −σ 2 −c 2ð2−θÞ2 þ 2α½2−ð2−θÞθ−2ð1 þ αÞσ 2 − ð2−θÞ2 −σ 2 c
:
2
4ð3−2θ−σ Þ
2

(2) When the firm only sells in the second period, π D ¼ ð1þα−cÞ
.
4
Corollary 2. Under the dynamic pricing strategy, when the firm sells in both periods,
(1)
(2)
(3)

∂πD
∂α
∂πD
∂σ 2
∂πD
∂θ

> 0.
> 0.
< 0.

It is intuitive that technology advancement reduces the unit production cost in the second
period and thus increases the profit (i.e.,

∂πD
∂α

> 0). As shown in Shum et al. (2016), uncer-

tainty is always beneficial for the firm under dynamic pricing (i.e.,

∂πD
∂σ 2

> 0). The reason is

similar to our discussions for Proposition 1: If the uncertain cost is realized as a reduction, it
makes the firm earn more profits in the later sales due to a lower unit cost. If the uncertain
cost is realized as an increase, the firm can use the price in the second period as a lever to alleviate this effect. Consistent with previous literature, the firm’s profit decreases when
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customers become more patient (i.e., ∂π∂θ < 0), because the customers would wait in anticipaD

tion of the price decrease, which hurts the firm’s profit. In other words, when the customers
are more patient, the firm is not able to utilize price discrimination over time to get more
profits.
Price commitment (PC)

In the price commitment setting, the firm announces the prices in both periods before
customers decide when to purchase and the realization of β. The utility of a customer
with valuation v satisfies v−p1 ¼ θðv−p2 Þ, or equivalently,
v ¼

p1 −θp2
:
1−θ

ð10Þ

As in dynamic pricing, the valuation threshold of not buying in the second period is
given by setting U 2 ¼ θð v−p2 Þ ¼ 0 . However, the firm determines both prices based
on the expected uncertain cost in the second period. So the total expected profit of the
firm is given by
π ¼ ðp1 −cÞð1−vÞ þ ðp2 −E ½c2 Þðv−v Þ

ð11Þ

where E[c2] = c − α according to the assumptions that c2 = c − (α + βλ1) and β has a
mean of zero. The following proposition characterizes the optimal prices under price
commitment.
, the firm sells in
Proposition 3. Under price commitment strategy, when α ≤ ð1−θÞð1−cÞ
1þθ
C
C
both periods; when α > ð1−θÞð1−cÞ
1þθ , the firm only sells in the second period. Let p1 and p2

denote the optimal prices.
(1) When the firm sells in both periods, pC1 ¼ 2þαþð1þθÞc
, pC2 ¼ 1þθ−αþ2c
3þθ .
3þθ
C
.
(2) When the firm only sells in the second period, p2 ¼ 1þc−α
2
Different from dynamic pricing, the firm prices the product in advance in anticipation
of what would happen in the future and thus only the expectation of the uncertain cost
would affect the firm’s decision. Then the prices are independent on the uncertainty level
) as in dynamic pricing, the firm only sells
σ2. But with the same condition (α > ð1−θÞð1−cÞ
1þθ
the product in the second period and otherwise the firm sells the product in both periods.
Corollary 3. Under the price commitment strategy, when the firm sells in both
periods,
(1)
(2)

∂pC1
∂α
∂pC1
∂θ

> 0,
< 0,

∂pC2
∂α
∂pC2
∂θ

< 0.
> 0.

First, as technology advances (α increases), similar to that under dynamic pricing,

∂pC1
∂α

> 0 . However, under the price commitment, the second-period price is

decreasing in α. This is because the firm has no ability to respond to uncertainty
or in other words, the firm can only anticipate a cost reduction due to technology advance. Therefore in this case, the inferior effect always dominates and thus
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∂pC

the price decreases when technology advances faster ( ∂α2 < 0).
Second, when the customers become more patient (θ increases), consistent with findings in Besanko and Winston (1990) and Shum et al. (2016), the advantage of price commitment is constraining the waiting behavior of the strategic customer and when the firm
sells in both periods, the optimal pricing path is always markdown.2 Thus when the customers become more patient, the firm commits to not decreasing the second-period price
to constrain the waiting behavior of strategic customers and decrease the first-period price
to encourage them to purchase early (i.e.,

∂pC1
∂θ

< 0 and

∂pC2
∂θ

> 0).

The next proposition characterizes the firm’s optimal expected profit under the price
commitment strategy.
Proposition 4. Let πC be the optimal expected profit of the firm under the price
commitment.
(1) When the firm sells in both periods, π C ¼ 1−θþαð1þα−θÞ−cð1−θÞð2þα−cÞ
.
ð1−θÞð3þθÞ 2
.
(2) When the firm only sells in the second period, π C ¼ ð1þα−cÞ
4
Corollary 4. Under the price commitment strategy, when the firm sells in both
periods,
(1)
(2)

∂πC
∂α
∂πC
∂θ

> 0.
< 0.

Under price commitment the firm is not able to respond to the cost uncertainty dynamically and so the optimal expected profit does not depend on σ2. It is intuitive that
the firm earns more profit as technology advances and less profit when customers are
more patient.

Comparisons of the two pricing strategies
By comparing the optimal profits under two pricing strategies, we obtain the following
proposition.
Proposition 5.
2
2
(1) When α ≤ ð1−θÞð1−cÞ
1þθ , dynamic pricing leads to a higher expected profit if σ ≥ θ and
price commitment leads to a higher expected profit otherwise.
(2) When α > ð1−θÞð1−cÞ
1þθ , dynamic pricing and price commitment achieve the same
expected profits.

Proposition 5 is illustrated in Fig. 1: When the technology advancement is high or
1−α−c
or equivalently θ > 1þα−c
), there is no
when customers are very patient ( α > ð1−θÞð1−cÞ
1þθ

difference between the two strategies because the firm sells products only in the second
period (the white area). When the technology advancement is low or customers are not
1−α−c
or equivalently θ ≤ 1þα−c
), the firm should optimally use dynamic
so patient (α ≤ ð1−θÞð1−cÞ
1þθ

p1 −pC2 ¼ 2αþð1−cÞð1−θÞ
, which is always positive.
3þθ

2 C
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pricing when facing high cost uncertainty or low customer patience (the dark gray area)
or price commitment when facing low cost uncertainty or high customer patience (the
gray area). This is because dynamic pricing can respond to uncertainty better while
price commitment can deter waiting behaviors of customers better. Moreover, interestingly, when the firm sells in both periods, neither the technology advancement nor the
basic cost affects the firm’s choice between the two different pricing strategies; the
boundary of pricing strategies is σ2 = θ2 as shown in Fig. 1. In contrast, Shum et al.
(2016) find that the firm might prefer dynamic pricing when the technology advance effect is high. Such difference is due to different sources of the uncertainty.

Conclusions and discussions
Our paper mainly focuses on the pricing strategies of firms when facing the heterogeneous strategic customers and uncertain production cost. We examine the impact of
two important drivers, technology advancement and cost uncertainty. First, the influence of technology advancement on the second-period price depends on the level of
uncertainty and customer patience. If technology advances, when facing low leveled uncertainty or impatient customers, the firm decreases the price in the second period to
attract customers with low valuations. In contrast, when facing high leveled uncertainty
or patient customers, the firm increases the price in the second period to obtain more
surplus from customers with high valuations who shift their purchasing time from the
first period to the second period in consideration of technology advancement. Second,
cost uncertainty benefits the firm, which is also found in Shum et al. (2016). However,
when cost uncertainty is correlated with initial sales, we find the optimal price is influenced by the level of uncertainty under the dynamic pricing strategy, which is different
from the findings in Shum et al. (2016). Finally, only cost uncertainty and customers’
patience impact the firm’s choice among pricing strategies, which is also different from

Fig. 1 The optimal pricing strategy Notes. α = 0.2, c = 0.3;DP = dynamic pricing; PC = price commitment
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Shum et al.’s (2016) results that the firm might prefer dynamic pricing under a significant technology advance effect.
There are several remaining research questions. First, we may extend our work to the
strategies including price matching or pricing over multiple periods. Second, we can
jointly study pricing decisions and other production decisions (inventory, capacity,
etc.). Third, instead of a monopolistic seller, extending the model with uncertainty to a
situation with competition might be interesting.

Appendix
Proof of Proposition 1.
The firm’s problem has been given by:

2p −θðc−αÞ
þ Eπ2 ðp1 ; βÞ
¼ p1 1− 1
2−θ
maximize πðp1 Þ
4ðp1 þ α−cÞ2 −4ð2−θÞðp1 −cÞ½2p1 þ θð1 þ α−cÞ−2 þ σ 2 ½2p1 þ θð1 þ α−cÞ−22
p1
¼
;
4ð2−θÞ2

ð12Þ
2p1 −θðc−αÞ
≥ 0;
2−θ

2
2p1 −θðc−αÞ
2p −θðc−αÞ
þ c−α−β 1− 1
2p1 −θðc−αÞ 6
2−θ
2−θ
−E 6
4
2
2−θ
s:t:1−

∂2πðp Þ
1
∂p2

Since

1

3
7
7 ≥0:
5

−3Þ
¼ 2ð2θþσ
< 0, π(p1) is concave in p1. By using the first-order condition,
ð2−θÞ2
2

we get
p1 ¼

ð2−θÞð2−θ−σ 2 Þ þ α½2−θð2−θ−σ 2 Þ þ ½2−θðθ þ σ 2 Þc
:
2ð3−2θ−σ 2 Þ

ð13Þ

The first constraint is used to test if there is sales volume in the first period. We plug p1
into 1− 2p1 −θðc−αÞ
≥ 0 and derive α ≤ ð1−θÞð1−cÞ
. In other words, if α > ð1−θÞð1−cÞ
, there would
2−θ
1þθ
1þθ
1þc−α
be no sales in the first period. Solving this single selling period problem, pD
2 ¼
2 .

Similarly, the second constraint is used to test if there is expected sales volume in the second
period. We plug p1 into this constraint and derive −2þθþσ

2

þαð−4þθþσ 2 Þ−cð−2þθþσ 2 Þ
2ð−3þ2θþσ 2 Þ

≥0 which can

always be satisfied so there is no situation where sales only occur in the first period.
So when

α ≤ ð1−θÞð1−cÞ
, the firm sells in both periods and
1þθ

ð2−θÞð2−θ−σ 2 Þþα½2−θð2−θ−σ 2 Þþ½2−θðθþσ 2 Þc
2ð3−2θ−σ 2 Þ

¼ 2−θ−σ

2


pD
1 ¼ p1 ¼

. According to (7) and (8), we derive

E½pD
2

þαð3θþσ 2 −2Þþð4−3θ−σ 2 Þc
.
2ð3−2θ−σ 2 Þ

Proof of Corollary 1.
(1)
(2)

∂pD
1
∂α
2

Þ
¼ 2−θð2−θ−σ
2ð3−σ 2 −2θÞ > 0.
2

∂E½pD
2
∂α

2
2−σ −3θ
¼ 2ð−3þσ
2 þ2θÞ. Thus when σ > 2 − 3θ,
2

∂E½pD
2
∂α

> 0; when

∂E½pD 
σ ≤ 2 − 3θ, ∂α 2 ≤ 0.
∂pD
∂E½pD
ð−2þθÞ½ð1−θÞð1−cÞ−αð1þθÞ
1
2
, which is non-positive under α ≤ ð1−θÞð1−cÞ
1þθ . ∂σ 2
∂σ 2 ¼
2ð3−σ 2 −2θÞ2
¼ αð1þθÞ−ð1−θÞð1−cÞ
, which is non-positive under α ≤ ð1−θÞð1−cÞ
1þθ .
2ð−3þσ 2 þ2θÞ2
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þ½3þ5α−2ð1þαÞθþcð−3þ2θÞσ
¼ −4þ2cð−2þθÞð−1þθÞþ6θ−2½αþαð−3þθÞθþθ
2ð−3þ2θþσ 2 Þ2
2

2

þð−1þc−αÞσ 4

2
2
Þþ5α−σ 2 ð1þαÞ
, which is
equivalently, 14 ½−1 þ c−α þ ð1þσ Þ½1þcð−1þσ
ð−3þσ 2 þ2θÞ2
pﬃﬃﬃﬃﬃﬃﬃ
2
2ð1−cÞð1þσ 2 Þ
1−σ 4
σ 2 < θ < 3−σ
and α > −1 þ c þ −2−σ 4 þ2ð3−θÞθþσ
2 ð5−2θÞ; or
2 − 2

< 1, and negative otherwise.

∂E½pD
2
∂θ

Þþð5−σ
¼ ð1−cÞð1−σ
2ð−3þσ 2 þ2θÞ2
2

2

Þα

, or

positive when (i) 1−
pﬃﬃﬃﬃﬃﬃﬃ
2
1−σ 4
(ii) 3−σ
≤θ
2 − 2

> 0.

Proof of Proposition 2.
When the firm sells in single period, according to Proposition 1, (2) is easy to be
2

. When the firm sells in both periods, plug p1 into π(p1) we
proved that π D ¼ ð1þα−cÞ
4
derive,
πD ¼


 

 
ð2−θÞ2 −σ 2 þ 2α½2−ð2−θÞθ−σ 2  þ α2 4 þ θ2 −σ 2 −c 2ð2−θÞ2 þ 2α½2−ð2−θÞθ−2ð1 þ αÞσ 2 − ð2−θÞ2 −σ 2 c
:
4ð3−2θ−σ 2 Þ

ð14Þ
Proof of Corollary 2.
(a)
(b)
(c)

∂πD
∂α
∂πD
∂σ 2
∂πD
∂θ

−4α−2½1−ð1−θÞc
¼ ðα−1Þσ −ð1þα−cÞθ
> 0.
2ð−3þσ 2 þ2θÞ
½αð1þθÞ−ð1−θÞð1−cÞ2
¼ 4ð−3þσ 2 þ2θÞ2 > 0.
2
Þαþ2−ð1−cÞðθþσ 2 Þ
¼ − ½ð1−θÞð1−cÞ−αð1þθÞ½ð4−θ−σ
, which is negative under α ≤ ð1−θÞð1−cÞ
1þθ .
2ð−3þσ 2 þ2θÞ2
2

2

Proof of Proposition 3.
The firm’s problem is given by

maxmize π ðp1 ; p2 Þ ¼
p1 ;p2


p1 −θp2
p −θp2
1−
ðp1 −cÞ þ 1
−p2 ðp2 −E ½c2 Þ;
1−θ
1−θ

ð15Þ

p1 −θp2
≥ 0;
1−θ
p1 −θp2
−p2 ≥ 0:
1−θ

s:t:1−

We can prove that,

∂π2
∂2p1

2
¼ −1þθ
< 0,

∂π2
∂2p2

2
¼ −1þθ
< 0, and

∂π2 ∂π2
∂2p1 ∂2p2

2

−ð∂p∂π∂p Þ ¼ 3þθ
1−θ > 0. In
2

1

2

other words, π(p1, p2) is jointly concave in (p1, p2) thus the first-order condition is valid.
Let

∂π
∂p1

¼ 0,

∂π
∂p 2

¼ 0. We solve p1 ¼ 2þαþð1þθÞc
, p2 ¼ 1þθ−αþ2c
. Similar to the analysis of
3þθ
3þθ

dynamic pricing, the two constraints are used to test if there are sales in each period.
Plug p1 and p2 into these constraints we derive, when α > ð1−θÞð1−cÞ
1þθ , there would be no
sales in the first period. So the problem turns into a single selling period problem
where it is easy to find out that pC2 ¼ 1þc−α
2 .
C

C

So when α ≤ ð1−θÞð1−cÞ
1þθ , the firm sells in both periods where p1 ¼ p1 and p2 ¼ p2 .

Proof of Corollary 3.
(1)
(2)

∂pC1
∂α
∂pC1
∂θ

∂pC

1
1
¼ 3þθ
> 0. ∂α2 ¼ − 3þθ
< 0.
C
∂p
2ð1−cÞþα
2
¼ − ð3þθÞ2 < 0. ∂θ ¼ 2ð1−cÞþα
> 0.
ð3þθÞ2

Proof of Proposition 4.

Song and Wang Frontiers of Business Research in China

(2020) 14:3

Page 11 of 12

When the firm sells in single period, according to Proposition 3, (2) can be easily
2

. When the firm sells in both periods, plug pC1 and pC2 into
proved that π C ¼ ð1þα−cÞ
4
π(p1, p2) we derive,
πC ¼

1−θ þ αð1 þ α−θÞ−cð1−θÞð2 þ α−cÞ
:
ð1−θÞð3 þ θÞ

ð16Þ

Proof of Corollary 4.
(1)
(2)

∂πC
∂α
∂πC
∂θ

¼ 2αþð1−cÞð1−θÞ
0.
2 ð1þθÞ
ð1−θÞð3þθÞ 2α>
ð1−cÞðc−α−1Þþ
ð1−θÞ2
¼
, which is negative under α ≤ ð1−θÞð1−cÞ
1þθ .
ð3þθÞ2

Proof of Proposition 5.
According the analysis in the Model analysis and Comparisons of the two pricing
strategies sections:
(1) When α ≤ ð1−θÞð1−cÞ
1þθ ,
πD ¼


 

 
ð2−θÞ2 −σ 2 þ 2α½2−ð2−θÞθ−σ 2  þ α2 4 þ θ2 −σ 2 −c 2ð2−θÞ2 þ 2α½2−ð2−θÞθ−2ð1 þ αÞσ 2 − ð2−θÞ2 −σ 2 c
;
4ð3−2θ−σ 2 Þ
1−θ
þ
α
ð
1
þ
α−θ
Þ−c
ð
1−θ
Þ
ð
2
þ
α−c
Þ
πC ¼
:
ð1−θÞð3 þ θÞ

We compare the profits under the two strategies as,
¼ π D −π C

2
2
Δπ ½ð1−cÞð1−θÞ−αð1 þ θÞ σ 2 −θ
¼
:
4ð1−θÞð3 þ θÞð3−2θ−σ 2 Þ

ð17Þ

It’s obvious that when σ2 ≥ θ2, dynamic pricing leads to the highest expected profit;
when σ2 < θ2, price commitment leads to the highest expected profit.
2

ð1þα−cÞ
D
C
(2) When α > ð1−θÞð1−cÞ
, thus both strategies lead to highest profit.
4
1þθ , π ¼ π ¼
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